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1. Introduction 

The general (p,q) supersymmetry algebra for two-dimensional (d=2) Minkowski space 
field theories is spanned by p Hermitian spinorial charges {Q+; I — 1, . . . ,p} of one chirality, 

q charges {QL; I' — 1, . . . , q} of the other chirality, and the self-dual and anti-self-dual com- 
ponents, P^ , P = , of the 2- momentum (we use a Lorentz charge notation for d=2 spinors and 
vectors). Excluding spinorial or tensorial central charges, there remains only the possibility 
of an additional pq scalar central charges, Z 11 . The non-zero (anti) commutation relations 
of this algebra are 

{Qi,Q J + } = 25 IJ P^ {<2-,Q_} = 25 I,J 'P= {Q+,0 1 !} = Z 11 ' . (1.1) 

All d=2 supersymmetric field theories have at least (1,0) or (0,1) supersymmetry and, since 
(0,1) is the parity reflection of (1,0), we may assume without loss of generality that all 
d=2 supersymmetric field theories are (1,0) supersymmetric. If we restrict our attention 
to scalar and spinor fields only then all such theories can be written in terms of the (1,0) 
scalar superfields {(p t (x,9 + );i = 1,...,D}, which define a map from (1,0) superspace, 
X^ 1 ' ), into a D-dimensional Riemannian target manifold At, and the spinor superfields 
(x, 9 + ); a = 1, . . . , n}, which define a section ip of the vector bundle S- <8> 0*£ where 
£ is a vector bundle over Ai of rank n and S- is the spin bundle over E^ 1 ' ). Subject 
to the further restriction that all scalar field equations be second order, the action for the 
general (p,q)-supersymmetric model, generally called a 'sigma- model', can be written as the 
(l,0)-superspace integral [1] 

S = J d 2 xd9+{D+(f ) i d = <j) j (g lj + bij) + i*l) a _V +it h ab + ims a ^ a _) , (1.2) 

where m is a constant with dimensions of mass, D + = id/d9 + + 9 + d^ is the (real) super- 
covariant derivative satisfying D\ = id^ , and 

V+V_ = (D + ^j b _ + D + 4>% h c *l) c _) . (1.3) 

Thus, in this formulation, the general (p,q)-supersymmetric model is characterised by (i) a 
metric g on Ai, which we require to be positive definite in order that the Hamiltonian be 
positive semi-definite (ii) a two-form b on Ai; this need be defined only locally since it is 
H = db that occurs in the field equations (as a torsion tensor), (iii) a metric h and connection 
Q on the fibre £; without loss of generality we can choose h to be covariantly constant, i.e. 



Vih ab = , (1.4) 

and (iv), when m ^ 0, a section s of £. 

When m = this action is classically conformally invariant. It will be shown below that 
when m^0 the component action contains the potential term 

V{4>) = ^mVsa^s^) . (1.5) 
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In many models of interest the section s, and hence the potential V, will have isolated zeros. 
Linearisation about an isolated zero of the potential yields a massive supersymmetric field 
theory with mass proportional to m. We shall therefore refer to the general model with 
m ^ as a 'massive sigma-model'. Note that when m ^ 0, the fibre metric h (as well 
as the target space metric g) must be positive definite for the Hamiltonian to be positive 
semi-definite. We henceforth assume that h is positive definite, in which case the structure 
group of the bundle £ is a subgroup of 0(n). 

As written, the action (1.2) has manifest (1,0) supersymmetry. If certain conditions on 
the couplings g, b, h, Q, and s are satisfied it will have further, although non-manifest, super- 
symmetries. The conditions for (p,q) supersymmetry in the massless case, m = 0, have been 
thoroughly investigated [2,3,4] in past years because of the applications of these sigma-models 
to string theory and conformal field theory. More recently attention has focused on certain 
massive models. In particular it has been shown that some massive (2,2) supersymmetric 
sigma models are integrable quantum field theories (see e.g. [5]). A feature of these models is 
that they admit solitons which interpolate between distinct zeros of the potential and carry 
a complex topological charge which appears in the (on-shell) supersymmetry algebra as a 
central charge. More recently, it has been shown that there exist (4,4)-supersymmetric mod- 
els with solitons that carry a quaternionic charge which again appears in the supersymmetry 
algebra as a central charge [6]. Also, certain (2,0) massive models have acquired importance 
in the context of the Landau- Ginsburg approach to integrable models [7]. 

The principal purpose of this paper is to provide a complete analysis of the conditions 
required for (p,q) supersymmetry in massive sigma-models. A study of the conditions for 
(p,p) supersymmetry for models without torsion was undertaken some ten years ago [8]. Very 
recently, results for massive models with torsion, i.e. with H ^ 0, were presented for off-shell 
(p,0) and (1,1) models [1] using (1,0) and (p,0) superfield methods. Here we use the (1,0) 
superfield methods to determine the conditions required for on-shell (p,0) supersymmetry. 
All remaining models can be considered as special cases of the general (1,1) model. In this 
case, the bundle £ is isomorphic to the tangent bundle of M and the general form of the 
section s is Sj = (u — X)i, where X is any Killing vector field of the target space Ai (should 
one exist) and u is a one-form on M. defined by LxH = du. The potential V is therefore [1] 

V = —gV(u-X) l (u-X) j . (1.6) 

The Noether charge corresponding to the symmetry generated by X appears in the (1,1) 
supersymmetry algebra as a central charge [8]. For (p,q) supersymmetric models withp > 1, 
the supersymmetry algebra of the massless model has an SO(p) x SO(q) automorphism group 
which acts in the obvious way on the central charge matrix Z 11 . Since X is associated with a 
particular central charge, the potential (1.6) appears to break the SO(p) x SO(q) symmetry. 
However, as we shall see, (p,q) supersymmetry implies that the potential V can be written 
in many different but equivalent ways. A consequence of this fact is that V is actually 
SO(p) x SO(q) invariant (up to a constant). There are also further restrictions on X and u 
imposed by (p,q) supersymmetry which we state and analyse. 

The (2,2) and (4,4) models are of particular current interest. For these cases one can 
use the SO(p) x SO(q) invariance to diagonalize Z 11 . The (p,p) supersymetry then implies 
that all the diagonal elements are simply related to the Killing vector field X. For the (2,2) 
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models with zero torsion we find agreement with previous results [8] but we believe that 
the (2,2) models with non-zero torsion and non-zero central charge are new. It would be of 
interest to determine their soliton solutions and whether any of them are integrable quantum 
field theories. For the (4,4) case it was known that zero torsion massive models exist with 
u = and X tri-holomorphic. Here we prove that u = and X is tri-holomorphic for all 
(4,4) models with zero torsion, but for non-zero torsion we find new (off-shell) models for 
which X = but u ^ 0. 

The results presented here will have implications for the renormalization properties of 
the quantum theory of massive supersymmetric sigma models. For example, previous results 
concerning the ultraviolet finiteness of massless off-shell supersymmetric (4,q) models [4] can 
be extended to massive (4,q) models for which the supersymmetry algebra closes off-shell 
without central charges, so some of the models constructed here will be ultraviolet finite. 

Finally, we remark that an alternative method of constructing (off-shell) massive (1,1)- 
super symmetric sigma models based on gauged massless sigma models was also presented in 
[1]. This method allows an alternative construction of massive off-shell (p,q)-supersymmetric 
models [9]. 

2. (1,0) Supersymmetry 

We begin with a discussion of some general features of the action (1.2). To determine 
the component version of this action we define the component fields contained in (0*, ipt) by 

<ft = ^\ X l + = D + <f) i \ V-="0-| F a = V+ip a L\ (2.1) 
where the vertical bar indicates the 6 + = component of a superfield. Then (1.2) becomes 

S = J d 2 x{d^ fd^igij + bij) + i gij X + V^\ J + - ty'V+^ihat - \r-^-KKF ijah 
+ F a F b h ab + mViS a \\^ + ms a F a ) , 

(2.2) 

where is the covariantization of d= with the pull-back of the connection with torsion 

rg= )fc = {*}±V> (2.3) 

so that V^A^ = <9 = A^ + T^ k d = (f) l \i r . The torsion tensor is given by 

1 3 

H ijk = ^(dib jk + d k hj + djb ki ) = -d {i b jk] , (2.4) 

and F ijab = h ac Fij c b , where 

F%j b — di^lj b dj^li b + f2j c f2j ^ f2j c f2j b . (2-5) 

Elimination of F a from (2.2) by means of its algebraic field equation yields the scalar potential 
V of (1.5). 
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Returning now to the (l,0)-superspace action (1.2), we note that its variation with respect 
to the arbitrary variations 8(f) 1 and dipt of 0* and ip^L is (up to a surface term) 

5S = Jd 2 xd9 + {5<i) i S-i + A^S a } , (2.6) 

where 

= 5^ a _ + 54> i i; b _n i a h (2.7) 



is the covariantization of 5ip a L, and 

a in .-.i.a.i.b n ji'd i _•— r-7 _ -/.a 

(2.8) 

Using this result the action (1.2) is readily verified to be invariant under the transformations 



= -2 gij V { + ] d =( ^ - iij a _ij b _D +( piF ijab + imV iSa ^ a _ 
S a ee 2iV+V>" + im/ . 



2 (2.9) 
A e ^- = ~D+e= V+C + e=V + V- 



for x-independent (but ^-dependent) superfield parameter e=e=| + i9 + e~. The e_ part of 
these transformations can be rewritten as 

^ = -^-0+0* W = -^_g+c (2.10) 

where 

Q + = -iD + + 2i6 + d^<j) i = d+ + i6+d^ (2.11) 

is the (hermitian) differential operator that generates (1,0) supersymmetry transformations 
(satisfying {Q+,-D+} = 0). The e_ part of the transformations (2.9) are therefore those of 
the manifest (1,0) supersymmetry. The remaining e = | part is the transformation generated 
by the P^ component of the 2-momentum. By combining the two transformations they 
become expressible in terms of (1,0) superfields. The symmetry transformations generated 
by the P = component of the 2-momentum may similarly be expressed in (1,0) superfield 
form as 

Sft = 8=^ A^ = e + V=V^ (2.12) 
where the parameter is a constant (independent of both x and 9 + ). 
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3. (p,0) Supersymmetry 

Any additional supersymmetries of (1.2) of the same chirality must have Noether charges 
that anticommute with the first one. This implies that the additional supersymmetry trans- 
formations can be expressed in terms of (1,0) superfields and a set of constant, anticommut- 
ing, parameter(s) {rjL ; r = 1, . . . ,p — 1}. The form of these transformations for m = is 
fixed by dimensional analysis; when m ^ we must allow for an additional variation of ijj 
proportional to m. We are thus led to consider 

= \r 1 r J r \{ ( t ) )S b + ^«(0) 

where I r are tensors on M, and t r and I r are sections of £* (the dual of £) and £ <8> £*, 
respectively. We shall now investigate the conditions for on-shell closure of the (p,0) su- 
persymmetry transformations (i.e. using Si- = and S a = 0). We then determine the 
conditions for invariance of the action. The constraints arising from these two requirements 
are necessary and sufficient for the existence of conserved charges {Q T + ; I = 1, . . .p} obeying 
the (p,0) supersymmetry algebra. Off-shell closure of (p,0) supersymmetry algebra requires 
stronger conditions, which were investigated in [1]. 

The conditions for closure of the algebra on 0* are 

hh = —$rs + frs t h (3.2) 

(in matrix notation) and 

N(I r ,I s y jk = (3.3) 

where / r / is zero for p=2 and equal to the quaternion structure constants e rs t for p=4, and 
N is the generalised Nijenhuis tensor defined by 

N(I r , I s y jk EE 2 [dil r \ k h l j\ ~ V/ + ( r ~ S )] ■ ( 3 - 4 ) 

On-shell closure on implies 

Fij a bh l [kh 3 1] = F kl a b 5; 

for m — 0. In addition, if m ^ we find the condition 

[VjViG? + (r <-> s)] + 25 rs V iS a = . (3.6) 

There is no condition on I from on-shell closure since ^5° = -iri r _V+(ir a b<S b ) (when the 
above conditions are satisfied) and this vanishes on-shell. 

If m = the action (1.2) is invariant under the transformations (3.1) provided that 

Ir\ig j)k = o V,S +) /A = (3.7) 
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(3.1) 



(3.5) 



and 

!{ab) = K{J C b) = (3-8) 
(with no condition on I[ a b])- In addition, if m ^ we find that 

d t (t a r s a )=0 (3.9) 

and 

V \t a r = I r J '<V 'js a . (3.10) 

We shall begin the analysis of these conditions by considering the (2,0) case. The con- 
ditions arising from both closure of the supersymmetry algebra and invariance of the action 
can be summarised as follows, for m — [3]: A4 is a complex manifold with complex struc- 
ture /; g is an Hermitian metric with respect to /, and the holonomy of the connection r( + ) 
is a subgroup of U(D/2). Furthermore (3.5) implies that the vector bundle £®C is holomor- 
phic*. The additional conditions that arise for m ^ are just (3.9) and (3.10) since (3.6) is 
implied by (3.2) and (3.10). To discuss these conditions it is convenient to choose complex 
coordinates {(f) 1 } — > {0^,0^ = (0 M )*} adapted to the complex structure /. Condition (3.10) 
then reduces to 

V-^s + it) a = 0; (3.11) 

i.e. s is the real part of a holomorphic section of the bundle £ ®C. The integrability condition 
of (3.11) is precisely (3.5). Combining (3.11) with (3.9) we deduce that 

s a s a = t a t a + const. . (3.12) 

We turn now to p — 4. The conditions for m = can be summarised as follows: 
M. admits a quaternionic structure, i.e the three (integrable) complex structures obey the 
algebra of imaginary unit quaternions, the metric g is tri-Hermitian and the holonomy of 
the connection r( + ) is a subgroup of Sp(D/A). Furthermore, (3.5) implies that the bundle 
£ <S> C is holomorphic with respect to all three complex structures. The additional conditions 
arising for m/0 are (3.9) and (3.10) since (3.6) is again implied by (3.2) and (3.10). The 
integrability conditions of (3.10) are eqs. (3.4) and (3.5). It is again convenient to discuss 
the conditions (3.9) and (3.10) by choosing complex coordinates adapted to any one of the 
three complex structures (it is not possible, in general, to find a coordinate system such that 
all complex structures are simultaneously constant). Let us choose coordinates adapted to 
the complex structure I 1 . From (3.10) we may then derive the two conditions 

V^(s + ttX = V M (t 2 - tt 3 ) a = , (3.13) 

i.e. s + it 1 and t 2 — it 3 are holomorphic sections (with respect to 7 1 ) of the bundle £ <g> C. 
The conditions (3.9) combined with (3.13) become 

s a s a = habt^ + const. . (3.14) 

* Note that, in contrast to off-shell supersymmetry, on-shell supersymmetry does not require I to be a 
complex structure so the rank of £ is not necessarily even. 
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By adopting coordinates adapted to each of the other two complex structures one can simi- 
larly deduce the cyclic permutations of the above relations. 



4. (p,l) Supersymmetry 

Since the (p,l) models are all special cases of (1,1) we shall make use here of the (1,1) 
results given in [1]. The vector bundle £ is now isomorphic to the tangent bundle, which 
allows us to convert all bundle indices to tangent bundle indices. In addition, the connection 
n of the bundle £ becomes the r( _ ) connection of the tangent bundle. To allow for a 
central charge in the (1,1) supersymmetry algebra, one supposes that the manifold M. has 
an isometry generated by a Killing vector field X, i.e. 



V (1 X J)= 0. (4.1) 

Then, in the presence of torsion, invariance of the action requires that CxH = which 
implies that the two- form ixH is closed. Thus, 

X k H ijk = d m (4.2) 

for some locally defined vector U{. In fact, u is globally defined on M. since the section s of 
£ that determines the potential is now given by 

Si = Ui - Xi . (4.3) 

The action can now be rewritten as 

S = J d 2 xde + {D + (t) i d^(t) j {gi J + bij) + #LV^ _) ^ 9ij + im s^i} . (4.4) 

In addition 

di{X j Uj ) = . (4.5) 

The potential V for the (1,1) model is 

V{<f>) = -m 2 g^{u - XUu - X), . (4.6) 
Using (4.5) this can be rewritten as 



V = Kn 2 (g ij UiUj + g ij XiXj) + const. . (4.7) 



The action (4.4) is invariant under the (1,0) and (0,1) transformations, 

5^ = ~D+e=D+<f> i + e=<9 + 0* 
5^1 = - l -D + e=D + r_ + e = d f ^_ , 



(4.8) 
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and 

5^ =D+WL+mCX 



. . (4.9) 
S c ^_ = -iD+Cd^ + mC,djX l ^_ , 

respectively [1]. 

The extended (p,0) transformations take the form 

1 - • • im (4-10) 

where S 1 = is the ip- field equation (Si. = being the field equation for <fi % ) and 

For simplicity we will use freely all the conditions above and those derived in the previous 
section. The action is therefore invariant and the only commutator that needs to be checked 
to ensure (p,l) supersymmetry is the (-r/ one. A calculation yields the following result 

[5^,5^ = -imiCrjDD^iC^k) +imD + (( v r _)Zi - l -{n r _D + C)(l r - U) 1 ^ 

[Md#- = -Kk^jk^- +imD + ((r ] r _)V r i k ii k _ - % ^r[_)Cj r (4.11) 

+ [ip+C^-vi +) Vi - ^((v r -)c x i r \]s l - \{v r -D + o{i r - ijjsL 

where 

K = \(t\. + 1^ + 2x1)) (412) 

V r ij = — V[jt r j] . 

The right-hand side of the above commutators is necessarily a symmetry of the action. The 
terms which vanish with the field equations leave the action invariant, so the remaining terms 
must do so too. Of these terms, note that the those proportional to the parameter ((rjL) 
have the same form as the (p,0) transformations of (4.10). Here, however, the parameter is 
not ^-independent so we must impose the conditions 

C x I r i k = C x t\. = 0. (4.13) 

Using (3.7) and (3.10) one can re-express V r as 

y; i = vj +) ^. (4.14) 

The transformations appearing on the right- hand- side of (4.11) that survive on-shell may 
now be rewritten as 

8 X (f> % = m\ r Zi 

r . . (4.15) 

where A r = iD + (()i] 1 i. Observe that this takes the same form as the transformation with 
parameter (, generated by the Killing vector X, in (4.9). As just remarked, these transfor- 
mations are necessarily symmetries of the action and this implies that Z r are Killing vector 
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fields (which is also easily seen from the calculation leading to (4.11)) and leave invariant 
the sigma-model couplings and s. 

We now turn to the calculation of the commutators of the transformations (4.15) among 
themselves (for p — 4) and with the supersymmetry transformations. The commutators of 
(4.15) with the (1,0) supersymmetry transformations vanish. The commutators of (4.15) 
with the extended (p, 0) supersymmetry transformations are 

[5 x ,5 v }f = imr t r _\ 8 D+<l>j(CzJr i j ) 

[8x,6 v W- = Im^LX'iCzX^ + -mS r -\ 8 [Z s M l ~ [h, W^ty* . (4 ' 16) 

The commutators of (4.15) with the (0, 1) supersymmetry transformations vanish as a conse- 
quence of (4.13). Finally, the commutators of the transformations (4.15) among themselves 
are 

[5 x ,5 xl W^m 2 \ s \' r [Z s ,Z r ] i 
[S x , SMI = m 2 X s X lr d 3 [Z s , Zrfi/l . 

The transformations appearing on the right-hand side of these commutators are necessarily 
symmetries of the action. They have the general structure of (p, 0) supersymmetry and 
(4.15) transformations, respectively. Because of this the weakest condition we can impose is 
that these new symmetries be linear combinations of the existing supersymmetry and (4.15) 
transformations, respectively, which will be the case if 

£z s Ir j = A sr It j [Z s ,t r ] = A sr t\ ^ 

[z s , z r y = B S rZ\ 

where A and B are structure constants, which are restricted by Jacobi identies. 

If A or B is non-zero the supersymmetry algebra is not of the form assumed in the 
introduction because the additional scalar charges associated with the invariance under (4.15) 
are then not central. In principle one might wish to consider scalar charges that are not 
central but we leave the investigatation of this point to the future. Hence we shall require, 
for on-shell closure, that A = B = 0, i.e. that 

C Za Ir i j = [Z s ,t r Y = [Z s ,Z r Y = 0. (4.19) 

We remark that the result stated above for the commutators of (0, 1) supersymmetry with 
(4.15) implies that the commutators of the transformations generated by X commute with 
those generated by Z r . 

We now have all the conditions required for on-shell closure of (p, 1) transformations, and 
invariance of the action. Not all of these conditions are independent. For example, (4.13) 
and (4.19) are easily seen to be consequences of the other conditions if t r is expressed in 
terms of the central charge generator Z r by the first of eqs. (4.12). Furthermore, substituting 
the result for t r into (3.10) we deduce that 

2VHZ* - (VH/,*,-)^ + 2Xi) _ /^.(vj-V + 2V t Hx J ') - ViVHs* = . (4.20) 
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Using freely all the conditions derived previously, one finds after some computation that this 
equation is equivalent to 

2V\7 ) Z rj] - 2(u + X) l H ijk I r k l + iSjV^ut - I^M^Uj = . (4.21) 

This is in turn equivalent to 

(Z r + v r )i + I r k i(X + u) k = (4.22) 

where v r is defined locally by 

(Z r ) k H kl? = d {l {v r ) 3] . (4.23) 

Actually, (4.21) implies only that the one-form defined by the left-hand side of (4.22) is 
closed, so that it can be written locally as the derivative of a scalar. One then arrives at 
(4.22) by absorbing this scalar into the definition of v r . 

Note that, by using (4.22) to eliminate Z r in the first of eqs. (4.12), t r can be expressed 

as 

t r = (Z- v) r ■ (4.24) 

Using (3.12) (or its cyclic permutations) we now see that the potential V can be expressed 
in terms of Z r and v r (for each value of r) in the same way as it was expressed in terms of 
X and u in (4.7), i.e. 

V=—gV(v r -Z r ) i (v r -Z r ) j (r = l,...,p-l) . (4.25) 

Furthermore, the condition (3.9) can now be re-expressed as 

u • v r + X • Z r — const. (4.26) 

but this can be shown to be a consequence of the other conditions including, in particular, 
(4.22). We shall not present the details of the calculation here since a very similar calculation 
will be described in the next section for the (l,q) models. Analogous calculations lead also 
to the relations 

v r ■ v s + Z r ■ Z s = const. (r ^ s) (4.27) 
A consequence of the relations (4.26) and (4.27) is that the potential V can be rewritten as 

V = ^g^(c.[X- V ]) i (c-[X- V ]) j (4.28) 

where [X — u] is a p- vector in the space of central charges with components [X — u, Z r — v r ) 
and c is any constant p- vector in this space. Despite the explicit appearance in the potential 
of c, the potential is 0(p) invariant because it is actually independent of the choice of c (up 
to a constant). 

This result agrees with that obtained in [1] for (1,1) supersymmetry on the assumption 
of off-shell closure of the supersymmetry algebra. Off-shell closure requires I r = J r , but here, 
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in contrast to the (p,0) case, this places no conditions on the action that were not already 
required for on-shell closure, so we may choose I r = I r without loss of generality. 

5. (l,q) supersymmetry 

We now investigate the conditions under which the action (4.4) has (l,q) supersymmetry. 
The results are of course equivalent to those just obtained for (p,l), again assuming that any 
scalar charges appearing in the supersymmetry commutators are central. By subsequently 
combining the (l,q) with the (p,l) results we shall be able to discuss the remaining (p,q) 
models. 

On dimensional grounds the extended (0,q) supersymmetry transformations can be writ- 
ten, in terms of (1,0) superfields, as 

<W = D+^Jr'j^L + mK r Y^<t>) 
A K ^i = -iD+K r Jr i jd=4t + D + K r L ri jk ((t))^ k _ + m^WSjiji °' ' 

where J, J, L, Y and W are tensors on A4, and K r {6) are ^-dependent but ^-independent 
(1,0) superfield parameters. 

Using freely the conditions obtained previously from (1,1) supersymmetry, the following 
conditions result from requiring closure of the algebra of the (0,q) extended supersymmetry 
transformations (5.1) when m = 0: 

J f — — Jf j (^5.2^ 

Kjk = V| fc ^ Jrj] + Hjk m Jlm + ZHiy 1 J r l (5.3) 

J r J s = S rs + f rs Ji , (^-3) 

and the Nijenhuis conditions 

N{J r , J s ) = . (5.4) 
For m^Owe find the following additional conditions: 

Wr i J =V { + ) Y; [X,Y r ]=0 [Y r ,Y 8 ] = (5.5) 

and 

£ x J r = £ Y J r = 0. (5.6) 

We have still to check closure of the algebra of the (0,q) with the (1,0) supersymmetry 
transformations, but this we leave for the moment. 

The invariance of the action under the (0,q) supersymmetry transformations imposes 
various new conditions. Simplifying these with the aid of those derived above, we find (after 
some computation) the following independent additional conditions. Firstly, for m — 0, 

J r{ij) =0 V t H^' fc = 0. (5.7) 
For m^0 the new independent conditions are 

V (i y rj) = W rij = J^J l rj Wrkl (5.8) 
12 



i.e. that the vector fields Y r are Killing and the tensor W r is (1,1) with respect to the complex 
structure J r . We further find that the Lie derivative of the torsion with respect to Y r must 
vanish, a condition that is (locally) equivalent to 

Y?H ijk = d {j w rk] , (5.9) 

which defines w r up to the gradient of a locally defined function. Also, the section s satisfies 

J r i j s j = (w r -Y r y (5.10) 

and (no summation over the index r) 

di(Y r iw rj ) = (r=l,...,p-l) . (5.11) 

We next compute the commutator of the (0,q) with the (1,0) supersymmetry transfor- 
mations. Taking into account that the parameters are superfields and hence ^-dependent, 
we find that 

[<f«,W = ~mD + e = D+K r Y* 

i < , (5 ' 12) 

[S Kl S e ]ilt = --mD+^D+^W^ - [6 K , W fc r<;V- 

i.e. that when m ^ there are p — 1 possible additional central charges associated with 
the Killing vector fields Y r . Clearly the Y r are the analogues of the Killing vector fields Z r 
found in the previous section. Finally, it can be verified that the transformations generated 
by the vector fields Y r are indeed those of central charges, without the need for imposing 
any further conditions. 

We turn now to the form of the potential V. Following roughly the same steps as for the 
(p,l) case one can show that the potential V can be expressed in terms of Y r and w r (for 
each value of r) in the same way as it was expressed in terms of X and u in (4.7), i.e. 

9 

m • • 

V=—gV(wr-Y r ) i (w r -Y r ) j (r = l,...,p-l) . (5.13) 

Note now that by contracting (5.10) with the vector (u — X) one has 

(u ■ w r + X ■ Y r ) = (u ■ Y r + X ■ w r ) . (5.14) 
But the right-hand-side of (5.14) is constant. This can be seen as follows: 

d(u • Y r + X • W r ) = dly r U + dixW r 

= —(i-Yrdu + ixdwr) (5.15) 

= -{iY r ^xH + L X L Yr H) = . 

One can show by a similar argument that 

w r ■ w s + Y r ■ Y s = const. (r ^ s) (5.16) 
13 



Following the same reasoning as in the (p,l) case the potential V can be expressed in the 
form 

9 

Tfl ■ • 

^= ij -p( / v( c .|X-u]).( C .[X-u]). (5.17) 

where [X — u] is a now a q-vector in the space of central charges with components [X — 
u, (Y r — w r )) and c is again any constant p-vector in this space. As expected the final results 
for (l,q) are equivalent to those found previously for (p,l) supersymmetry. 

6. (p,q) Supersymmetry 

We are now in a position to investigate the conditions under which the action (4.4) has 
(p,q) supersymetry for p and q both greater than 1. The conditions for invariance of the 
action are just those obtained previously for either (p,l) or (l,q) supersymmetry. The only 
additional requirement for (p,q) supersymmetry is the closure of the algebra of the extended 
(p,0) with the extended (0,q) transformations. Since these correspond to supersymmetry 
charges of opposite chirality we expect additional central charges. Using freely conditions 
previously derived, a calculation of the commutator on <p leads to the following result: 

[5 V , 5^ = imD + (K s nl)Z sr - imK s nLD +( p k (£ Ys I r \) + ^D + (K s nL)(J s i r - WsY^ (6.1) 
where 

Z sr EE \{J s l 4 + Ir'jQYj + jj k S k )) (6.2) 

A similar calculation for ip leads to 

+ lD+(K s r] r _)(J s Ir - IrJs)\S k - ImK^LiCYjr^S 1 

(6 3) 

1 ,2 r ,^sr 



where 



- -m 2 n r _K s [Y s ,t r ] 



Vsr'j EE - [L/^ + \{JsIr) ik V { k )s 3 ~ l^j^mi] ■ (6.4) 



The terms that vanish with the field equations are (trivially) symmetries of the action so 
the remaining terms must also be symmetries. Of these, the terms with coefficient n s rf_ 
have the form of an 77-supersymmetry, but the ^-dependence of this coefficient precludes this 
identification and we must set 

£ Y Jr = [Y s ,t r ]=0. (6.5) 

The remaining (on-shell) transformations may now be identified as those of new central 
charge symmetries. In particular, it follows that the vector fields Z sr are Killing, that the 
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torsion and the section s are invariant with respect to these symmetries, and that V sr l j 

V^Z l sr , exactly as ft 
may be simplified to 



Z l sr) exactly as for the previous central charges. The new central charge transformations 



5 X <P 1 = m\ sr Z\ r / 

. . 6.6 

where A sr is a constant parameter. Finally, the commutators of the new central charge 
transformations with themselves and with with all other central charge and supersymmetry 
transformations will vanish, as required, provided that all commutators of the Killing vector 
fields Z sr with themselves and with the other Killing vector fields vanish, and provided that 
the Lie derivatives of the complex structures I r and J s with respect to Z sr vanish. 

As in the (p,l) case we may now use (6.2) and (3.10) to eliminate t r . Following the same 
steps as those described in previous sections, one finds that 

(Z sr + V sr )i + Ir k i(Y s + W s ) k = , (6.7) 

where v sr is locally defined by iz sr H = dv sr . Using this result in (6.2) we now find that 

j/ji = -(v sr ~ Z sr y . (6.8) 
This implies that V can be written in pq different ways as 

V = ^(vsr - Z„)i(v„ - Z„)j ( r s Z\''yqZl) ■ ( 6 - 9 ) 



In analogy with (5.17), the potential can now be rewritten, up to a constant, as 

TD? 1 

V = Wl29 lJ i c s ■ [Y s - w s ]) .(c a ■ [Y s - w s ]) (s = 1, . . .q - 1) . (6.10) 

where [Y s — w s ] is a p- vector (for each value of s) with components (Y s — w s , Z sr — v sr j , and 
c s is a p-vector (for each value of s) with constant components. To establish this result one 
notices that the cross terms sum to a constant as a result of (6.7) while the diagonal terms 
are all equal. The details follow the same lines as in the previous two sections. 

Similarly, from (4.24) and (6.8) one can deduce that the potential can also be written as 

9 

V = jri29 tJ i c r ■ [Zr - y r ])i(cr " [%r - V r ]) . (r = 1, . . .p - 1) (6.11) 

where [Z r — v r ] is a q- vector (for each value of r) with components (Z r — v r , Z sr — v ar ) , and 
c r is a q-vector (for each value of r) with constant components. 

This concludes our discussion of the conditions required for on-shell (p,q) supersymmetry. 
In subsequent sections we shall consider their implications for certain interesting special cases. 
We turn now to the conditions required for off-shell closure of the supersymmetry algebra. 
From our discussion of the conditions for off-shell (p,l) supersymmetry in section 4, we know 
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that this requires us to set I r = I r . From (6.1) we deduce that the additional requirement 
for off-shell (p,q) supersymmetry is that, in matrix notation, 

[I s ,J r } = (6.12) 

In fact, this condition is sufficient to show that all field-equation terms in the commutator 
(6.3), on ip, vanish. Thus (6.12) is the only additional condition for off-shell closure of the 
extended (p,0) and (0,q) supersymmetries. 



7. Potentials for (2,2) and (4,4) models 

The supersymmetry algebra of a massive sigma-model with (p,q) supersymmetry has a 
possible pq central charges, Z 11 in the notation of the introduction. These correspond to 
the Killing vector fields X, Y r , Z s , and Z ar . We have seen previously that the potential V is 
expressed in terms of these Killing vector fields and the associated one-forms u, w r , v s and 
v sr , respectively. We have seen previously ( eqs. (4.22), (5.12), (6.7) and (6.8)) that these 
quantities are constrained by the relations 

(Z r + v r )i + I r k i(X + u) k = 
(Y s -w s )i + J s k i(X-u) k = 

(Z sr + V sr )i + I r k i(Y s + W s ) k = 

(Z sr + v sr )i + J s i{Z r — v r ) k = 

where r = (1, . . . ,p— 1) and s = (1, . . . ,q — 1). To complete the determination of the general 
form of the potential we must therefore solve these relations for, e.g., X and u. This task is 
greatly simplified by the observation that the massless model has an SO(p) x SO(q) symmetry 
which translates into an SO(p) x SO(q) isometry group of the supersymmety algebra. By 
means of such an SO(p) x SO(q) transformation the number of non-zero central charges of 
the massive model can be reduced. For example, if p = q a basis of the supersymmetry 
charges may always be found for which Z 11 is diagonal, i.e. the only non-zero central 
charges are those generated by X and T r = Z rr . This observation would not be so useful 
if the potential V were not also invariant under SO(p) x SO(q) because the form of the 
potential in a special basis would then be a special form and our intention is to find the 
general form. Fortunately, we showed in the previous section that the potential V is aiso 
SO(p) x SO(q) invariant. Hence no generality is lost if, for the p=q models with torsion, we 
set 

Y r = Z r = Z rs = (r ^ s) , (7.2) 
so that the only non-zero Killing vector fields are X and T r = Z rr . In this case, 

w r = dc r v s = db s v sr = de sr (r ^ s) (7.3) 

for locally-defined scalar functions c r , b s and e sr . Substituting (7.2) and (7.3) into (7.1) we 
obtain the new relations 

dA + I r k i(X + u) k = ^ 
d iCs - J s k i(X-u) k = , 
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(T r + n r )i + I r k id k c r = 
(T 8 -n 8 )i- J s k id k b 8 = 

where n r = v rr , and 

diCgr + I r k idkC s = (r ^ s) 

die S r + J s k id k b r = (r ^ s) . 
Using (7.4), the eqs. (7.5) can be solved for T r and n r in terms of X and u as follows 

^ fc 1 jfc 

{Tr)i — 2^ r ' 2^ r ' 

(n r )i = — — {/ r , J r } jMfc — 2"[^ r ' ■ 



(7.5) 



(7.6) 



(7.7) 



Eliminating the functions e sr from (7.6) and then using (7.4) we find the following constraint 
on X and u: 

(u + X) t = ( J s I r Jslrftiu - X) k (r^s). (7.8) 

Since the potential V can be expressed entirely in terms of X and u, the relevant relations are 
those of (7.4) and (7.8). We now turn to a discussion of the consequences of these relations 
for the (2,2) and (4,4) models. 

For (2,2) models (7.8) does not apply since, necessarily, r = s = 1 and (7.4) is equivalent 

to 

{X + u) i = I k i d k b 
(X - u)i = -J k id k c . 



These equations generalize the expression in [8] for a holomorphic Killing vector field in 
terms of a Killing potential to the case of non-zero torsion. Note that V is expressed in 
terms of the (X — u) so the potential is the square of the derivative of c. 

Consider now the special case of zero torsion and I = J discussed in [8]. Solving (7.4) 
for u and X we get 

Xi = m = I k id k ( C -±^) . (7.10) 

From the first of these equations we identify (c — b)/2 as the Killing potential of the holo- 
morphic Killing vector field X. Moreover, since the torsion vanishes, u = da for some locally 
defined scalar function a. Thus the second of the equations (7.9) implies that a is the real 
part of a locally defined holomorphic function (which is the superpotential in the superspace 
formulation). Note further that in this special case T = —X. These results agree with 
those of [8] but the potential given there was expressed in terms of two commuting Killing 
vector fields. However, as we have seen, the general scalar potential can be written (up to 
a constant) in terms of a single holomorphic Killing vector field (which must be a linear 
combination of those considered in [8]). 

We now turn to some special classes of (4,4) models. For (4,4) models eq. (7.8) is 
applicable and has important consequences for the potential V. First consider the zero 
torsion case, for which u = da, and I r = J r . In this case, (7.8) implies that da = 0, and the 
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relation (7.4) allows the identification of the functions (c r — b r )/2 with the Killing potentials 
of the tri-holomorphic Killing vector field X. Note also that T r = —X. We conclude that 
the general scalar potential V for (4,4) models with zero torsion and I r = J r is given by 
the length of a tri-holomorphic Killing vector field. This is consistent with the results of [6] 
where such a model was constructed*. 

Another class of (4,4) models are those for which the supersymmetry algebra closes off- 
shell, i.e. [I r , J s ] = 0. Note that this is not possible when I r = J r . In this case (7.8) and 
(7.5) imply that X = and T r = 0. Because X — 0, u — da. The (4,4) analogue of (7.9) now 
implies that a can be written in three different ways as the real part of a holomorphic function 
with respect to each of the complex structures. Because there are no central charges in this 
case, the (4,4)-superfield formalism of [4] applies, so there exists an off-shell (4,4) superfield 
action. 
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* We have not understand the results of the authors of [8] on (4,4) models well enough to know whether 
their results agree with ours. 
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